Abstract: We show how a Hall viscosity induced by a magnetic field can be generated in strongly coupled theories with a holographic dual. This is achieved by considering paritybreaking higher derivative terms in the gravity dual. These terms couple the Riemann curvature tensor to the field strength of a gauge field dual to the charge current, and have an analog in the field theory side as a coupling between the "Euler current" and the electromagnetic field. As a concrete example, we study the effect of the new terms in the thermodynamic and transport properties of a strongly coupled magnetized plasma dual to a dyonic black hole in AdS 4 . As a new property of the holographic model, we find that for a state that is initially neutral at zero magnetic field, a charge density and non-dissipative Hall transport are present when the magnetic field is turned on. Remarkably, we also observe that the results from the holographic model are consistent with hydrodynamics even at magnetic fields much larger than temperature.
Introduction and summary
Some of the most fascinating systems in condensed matter are the Quantum Hall (QH) states. They are typically characterized by the value of the Hall conductivity, which is a topologically protected quantity proportional to an integer (IQH) or a fraction (FQH) times a quantum unit of conductance.
Although the IQH states can be understood in terms of free electrons in completely filled Landau levels, the FQH states are a consequence of strong correlations between electrons in partially filled Landau levels. There are quite successful phenomenological descriptions of FQH states in terms of Laughlin wavefunctions [1] or composite fermions, effective bound states of fermions with magnetic fluxes [2] . 1 However, barring numerical simulations, we still lack a first principles derivation of the properties of FQH states. In some aspects, the situation mirrors quantum chromodynamics (QCD) in high energy physics.
In FQH states, the Hall conductivity is not the only topologically protected quantity. If the fermions are put on a sphere, the ratio between the number of particles N e and flux quanta N Φ is not anymore determined by the filling fraction ν, but there is a shift S = ν −1 N e − N Φ , which is a fractional number and can be used to further characterize the state [6] . If the fermions are in flat space and rotational invariance is a good symmetry on the average, the shift determines the value of the Hall viscosity [7] [8] [9] -a transport coefficient analogous to the Hall conductivity for external strain rate instead of electric field. Similarly to the Hall conductivity, the Hall viscosity can only be nonzero if time reversal invariance and parity are broken, as it is the case when a background magnetic field is present.
A deeper understanding of FQH states in condensed matter may be gained by studying other strongly coupled systems exhibiting similar properties. Typically they would be as hard to study as the original problem but, thanks to the AdS/CFT correspondence (or holographic duality) [10] [11] [12] , a whole class of strongly coupled theories can be studied using much simpler classical theories of gravity. Although theories with holographic duals can be microscopically very different to a typical condensed system, their long wavelength behavior can be similar and be used as a playing ground to understand better the properties of FQH states. Indeed, there have been many proposals at describing QH states using holography [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] . Although some of these models describe fractional filling fractions and features like transitions between Hall plateaus, the situation is not entirely satisfactory when the holographic models are examined in detail. In most cases the Hall conductivity is nonvanishing even in the absence of a magnetic field, thus these models have an "anomalous" Hall effect, rather than the usual Hall effect induced by a magnetic field. From the point of view of the holographic dual, the Hall conductivity is generated by a topological term of the form S top = σ H F ∧ F.
(1.1)
In general, a Hall conductivity generated by this kind of term does not need to be quantized, although in particular models it can be. A second issue, that will be the focus of this paper, is that the value of the Hall viscosity in existing holographic models of QH states is likely to vanish, although this question has not been studied systematically. Why would the Hall viscosity vanish in holographic models of QH states? The simplest examples of holographic models with non-zero Hall conductivity and zero Hall viscosity are four-dimensional dyonic black hole solutions of Einstein-Maxwell theory [33] . Refinements with axion and dilaton fields [20, 21, 31] modify the scalar sector, so in principle they would not affect the viscosity, which is part of the tensor components of stress. A non-zero Hall viscosity could appear if an axion is coupled to a R ∧ R term [34] , 2 but in this case the Hall viscosity is not produced by the magnetic field, but by a pseudoscalar mass or condensate, in analogy to the case of the Haldane model [37] , where a time reversal breaking mass allows for Hall transport in absence of magnetic fields.
A pertinent question in this program is then what are the necessary modifications of holographic models such that the magnetic field will produce a non-zero Hall viscosity. In order to find an answer, one can look for inspiration in the effective long wave description of QH states. These are gapped systems, so that, at low enough frequencies and wave number, the response to external fields is described by a local functional of the external sources, in this case an electromagnetic field A µ and the metric g µν (or in non-relativistic system, the spatial metric g ij ). The term responsible for the Hall conductivity is a Chern-Simons action for the external electromagnetic field
For the Hall viscosity in a non-relativistic system, there is a mixed Chern-Simons known as the Wen-Zee term [6] 
where R is the curvature two-form associated to the spatial metric. In a relativistic system, it is not possible to construct a covariant Chern-Simons term mixing the electromagnetic field with the metric. There is nevertheless a covariant term that reduces to the Wen-Zee term in the non-relativistic limit obtained by taking the speed of light to infinity c → ∞ and that is constructed with an algebraically conserved Euler current [38, 39] 
where
The four velocity u µ u µ = −1 is defined using the external electromagnetic field
Clearly, an effective action with this term can only be well defined if the background magnetic field is nonzero. Expanding around a constant magnetic field
For κ ∼ B, the term above resembles a boundary term
(1.8)
Where M would be some four-dimensional manifold and ∂M its boundary. Although the formulas above are not exact, they suggest that the Hall viscosity in a holographic model will be produced by higher derivative terms in the four-dimensional action with a similar structure. We will show that this is indeed the case and find the transport coefficients as a function of the magnetic field and temperature using a perturbative expansion in the coefficients of the higher derivative terms.
For simplicity, our starting point will be the dyonic black hole solutions of EinsteinMaxwell theory mentioned previously. They are dual to a family of states characterized by their temperature T , chemical potential µ and magnetic field B, and belonging to a strongly coupled theory (typically a gauge theory in a large-N limit). The conductivity matrix for charge J and heat Q currents is usually defined as 9) where E is the electric field and ∇T the temperature gradient. The Hall component of the conductivities is the antisymmetric part of the matrices σ, α andκ, that are identified with charge, thermoelectric and heat conductivities respectively. At zero chemical potential the charge density ρ vanishes and as a consequence the Hall conductivity is zero σ H = 0. The Hall heat conductivity also vanishes at zero chemical potentialκ H = 0, although the thermoelectric Hall conductivity does not α H = 0. After introducing higher derivative terms inspired by (1.8), it turns out that the charge density no longer vanishes, but it is proportional to the magnetic field, with a coefficient that depends on the dimensionless ratio B/T 2 . We confirm that indeed the Hall viscosity is non-zero and proportional to the magnetic field η H ∝ B, our main result. We also have checked that our results for the transport coefficients are consistent with hydrodynamics in the presence of an external magnetic field. The Hall conductivity is equal to ρ/B as expected, and the heat thermal and thermoelectric Hall conductivities are non-zero. All the transport coefficients have factors that depend on B/T 2 and the coefficients of the higher derivative terms, in particular, the Hall viscosity shows a different power dependence at low and high values of the temperature
Interestingly, by including a term of the form (1.1), such that the anomalous Hall conductivity is tuned to vanish, all the odd transport coefficients are proportional to the same combination of coefficients of the higher derivative terms. In this case, at large magnetic fields, the Hall viscosity becomes proportional to the charge density
The paper is organized as follows, in Sect. 2 we review the hydrodynamic description of a parity-breaking fluid, and obtain the proper Kubo formulas relating the transport coefficients of the system with the two point functions of the corresponding conserved currents in the presence of a homogeneous magnetic field. In Sect. 3 we define the holographic model, write the equations of motion and compute the holographic one-point functions of the theory. Then, we construct the deformed dyonic black hole and analyse its thermodynamic properties. To continue with the study of our holographic model, we analytically compute all the transport coefficients of the system in Sect. 4 and compare with the results from hydrodynamics. Finally, in Sect. 5 we discuss our results and the low and high temperature limits and comment on possible outlooks. We also accompany the paper with a series of appendices where we discuss the variational problem and renormalization of the theory (see appendix A), and collect lengthy formulas such as the equations of motion (appendix B), their perturbative black holes solution (B.1), or the sources (appendix C) appearing in the equations of motion for the vector sector.
Hydrodynamics with a magnetic field
The low energy effective description of the holographic dual to a black hole is determined by relativistic fluid equations [40] , for a charged fluid
where T µν is the energy-momentum tensor and J µ the charge current. In the case we want to study a background magnetic field has been turned on, so that parity is broken. The general form of the constitutive relations for this type of fluid in 2 + 1 dimensions has been worked out in [41] . Although in their case the magnetic field was constrained to be much smaller than the temperature, we will assume that the constitutive relations can be generalized to larger values of the magnetic field by allowing thermodynamic potentials to depend on it in the frame referred to as "magnetovortical". In principle there could be terms that depend on gradients of the magnetic field, but as we will restrict to a homogeneous and constant background, those can be safely ignored. We will partially confirm the validity of the assumption above by deriving linear response results using hydrodynamic equations and comparing with the holographic model. Some of the linear response coefficients are determined by thermodynamic quantities, and those should match, while the others will be used to fix the value of transport coefficients in the hydrodynamic constitutive relations.
We proceed to present the constitutive relations. The hydrodynamic variables are the fluid velocity u µ , u µ u µ = −1, temperature T and chemical potential µ. The energymomentum and current are expanded in derivatives of those and the background sources. At zeroth order one finds the pressure P , energy density ε and magnetization M , all of which are functions of µ T and the background magnetic field B. In order to have covariant expressions, the magnetic field dependence will enter through the pseudoscalar
where F µν is the field strength of the background gauge field A µ . The curly epsilon symbol is defined as a tensor, i.e with a factor of the metric determinant ε 012 = +
. With these ingredients, the constitutive relations are
Here P µν = g µν + u µ u ν is the projector transverse to the velocity and τ µν , ν µ contain higher derivative terms and satisfy the condition
The magnetization should satisfy
The energy density, pressure, entropy density and charge satisfy the thermodynamic relations
At first order in the derivative expansion, the independent contributions allowed by the second law condition are [41] 3
The expressions for each of the objects appearing in the formulas above are
This completes our setup. For a flat background and constant magnetic field B = B the energy-momentum tensor and current are
In order to extract the transport properties, we will perturb the metric and the gauge field and solve the equations (2.1) for u µ , T and µ to linear order in the perturbations. We then will evaluate the energy-momentum tensor and the current on the solutions. The two-point functions are obtained by taking variations with respect to the sources of the energy-momentum tensor and the current
For simplicity we will consider only homogeneous but time-dependent sources, the metric and gauge field will be
The parameter 1 is small, so that we are in the regime of linear response for the perturbations h µν and a µ . The perturbations will be expanded in plane waves 12) and only low frequency components will be nonzero, in such a way that the equations for each Fourier component are expanded up to linear order in ω and higher orders are neglected. When solving the equations different sectors decouple according to their representation under spatial rotations. We can distinguish a tensor, vector and scalar sector related respectively to shear and Hall viscosities, conductivities and bulk viscosity. After substituting Eqs. (2.3) into the conservation equations (2.1) and solving for the velocities, temperature and chemical potential the results are, in the tensor sector,
The scalar sector contains a term linear in the frequency proportional to the bulk viscosity
There is also a zero frequency contribution that is a fairly complicated combination of thermodynamic derivatives. This contribution is analogous to the inverse compressibility term appearing in non-relativistic systems [42] . At zero magnetic field the structure of the correlators does not change, one can use the expression above setting B = 0.
In the vector sector the current-current and current-momentum correlators are
The momentum-momentum correlator is G 0i,0j
where 17) which can be used to compute the transport coefficients σ V andσ H . Notice that the susceptibilitiesχ E =σ H −σ andχ T can be computed combining the zero frequency correlators G 
however, we have not explicitly computed these quantities for the holographic system because they do not contribute to the actual transport, as we show below. In fact, following [43] , the heat current is defined as a combination of energy and charge currents Q i = T 0i − µJ i , 4 and the conductivities correspond to the linear response of the charge and heat current to electric fields and temperature gradients
The conductivities are then defined through the Kubo formulas. 5
The last terms in the Kubo formulas for thermoelectric (α) and heat (κ) conductivities subtract the contributions from the magnetization current, which are not part of the transport by motion of charge carriers. We have checked that our results agree with [33, 43] . These coefficients define the response in the absence of either electric field or temperature gradient. It is customary to study heat transport in the absence of electric current, for which one can define the thermal conductivity κ as the heat current produced by a temperature gradient, and thermoelectric response as the electric field in this situation E = −ϑ ∇T . The response coefficients are determined by
Using the results obtained from the hydrodynamic equations, the values of the electric and thermoelectric conductivities are determined by the charge and entropy densities
The heat conductivity (in the absence of electric fields) is, for B/T 2 1,
While the thermal conductivity (for B/T 2 1) and Seebeck coefficients are
Therefore, the terms appearing in the constitutive relations of the charge current manifest themselves as contributions to the thermal conductivity, in particular the parity odd coefficientσ H , induces a thermal Hall conductivity that would otherwise be vanishing. 4 Recall that in a relativistic system energy current is the same as momentum density. 5 We use a different sign in the Kubo formulas because of our conventions. The electric field has been defined as Ei = Fi0u
Hence the conductivity is extracted as proportional to the positive imaginary part of the correlator. More generally, with our conventions the spectral function is proportional to the imaginary part of the retarded correlator obtained through the linear response formulas.
At zero magnetic field the structure of the vector correlators and conductivities changes significantly. The current-current correlator becomes
While the current-momentum and momentum-momentum correlator take the simple form
Then, the conductivities at zero chemical potential are (assuming the magnetization vanishes as well)
In this case σ V is the longitudinal conductivity, while the combinationσ H enters as an (anomalous) Hall conductivity. At zero chemical potential the charged current in the system is produced by particle-antiparticles pair. The flow of those particles transport a net charge, but the total momentum flow is zero, because particles and antiparticles move in opposite directions. This fact explains the vanishing value for both the thermoelectric and thermal conductivities.
Holographic model
The simplest holographic model that incorporating magnetic fields is the Einstein-Maxwell theory, which admits dyonic black hole solutions dual to states of a strongly coupled theory at nonzero temperature, charge density and magnetic field [33] . When both charge and magnetic field are present, there is a nonzero Hall conductivity, but the Hall viscosity vanishes, even though it is not forbidden by symmetries and it is generated by a magnetic field in other cases, such as Quantum Hall systems. Our goal is to identify the ingredients necessary in a holographic model such that a Hall viscosity will be induced when we apply a magnetic field. Motivated by the arguments explained in the introduction, we consider a higher derivative gravity model with extra terms breaking the parity invariance of the system, and which should have at least four derivatives. For simplicity we will ignore all the four derivative terms that are parity even and we will not consider terms with three derivatives (such as ∼ F 3 ) or more than four derivatives. With these restrictions, the more general action we can write reads
1) where
3)
. The term L 0 introduces an anomalous Hall conductivity, while the term L 5 in principle does not affect to the first order transport coefficients. In the literature L 0 [41] , and L 5 [34] have also been considered including a coupling to an axion field. In this case, the last can produce a non-zero Hall viscosity. However, as the axion would count as a different source of parity breaking not related to the magnetic field, we keep the coefficients of these terms constant and drop L 5 from the subsequent analysis. On top of this, it can be shown that among the L 1 , . . . , L 5 only two of them are independent. Therefore, we will keep only λ 0 , λ 1 , and λ 3 non-vanishing. It is straightforward to derive the equations of motion for this action, but as they are not very illuminating, we have collected them in Appendix B. The most apparent change that the new terms introduce is that the electric flux is not necessarily the same at the black hole horizon and the boundary, we will comment more on this in the discussion.
Background solutions and thermodynamics
In the absence of higher derivative terms λ 1 = λ 3 = 0, the action (3.1) admits dyonic black hole solutions with non-zero charge and magnetic field. Assuming that in a consistent truncation of supergravity the couplings λ 1 and λ 3 should come as subleading corrections in the dual large-N , strong coupling expansions, and to avoid all the subtleties associated to having a higher derivative theory of gravity, we will treat those parameters perturbatively, and therefore the black hole solution shall be similar to the dyonic black hole. This allows us to start with the following ansatz that generalizes the dyonic black hole solution
where the factor r 0 comes from a convenient re-scaling of the equations such that the black hole horizon is located at r = 1. Note that the coordinate r is dimensionless, but r 0 has dimensions of energy. Regularity of the Euclidean solution demands that we impose the boundary conditions
The chemical potential is then determined by the value of the gauge potential at the boundary µ = lim r→∞ a(r). We now proceed to study the thermodynamic properties of the state in the dual theory. The temperature of the dual theory equals to the Hawking temperature of the black hole, and can be obtained by continuing the geometry to Euclidean signature and imposing regularity at the horizon 10) notice that r 0 is a function of µ, B and T , which can be obtained by solving Eq. (3.10), also notice that the underlining conformal invariance implies that r 0 = g(B/T 2 , µ/T )T . The energy and charge densities are computed following the standard AdS/CFT dictionary and applying holographic renormalization methods (more details can be found in Appendix A). We obtain the following expressions
11) where c T = L 2 /2κ 2 6 , P is the pressure and M is the magnetization M = ∂P ∂B . The relation between the energy density and P − M B follows from conformal invariance of the theory, but we have checked that it is satisfied by explicitly computing the expectation value of the stress tensor.
The entropy density is normally defined as the area of the black hole in Planck units, however, in the presence of higher derivative terms, there are additional contributions that can be computed using Wald's formula for the entropy [45] . In particular, for a static background the formula reads 12) with
, χ the killing field generating the isometry of the horizon and √ σ being the determinant of the induced metric on the horizon. Upon evaluating the above, we get that total entropy density takes the form
As can be seen in Eq. (3.13), the usual formula formula for the entropy as the area of the horizon gets modify by the λ 1 term. Actually the correction is proportional to the product of the magnetic field and electric flux evaluated at the horizon. Particularizing the formulas above for the µ = 0 geometry (3.9), the temperature and entropy density take the same form as in the dyonic black hole
We remark here that the electric flux at the horizon is O(λ), so the correction to the entropy density vanishes to leading order but there can be subleading corrections that we have not computed. The charge density is non-zero, and takes the form
where the dimensionless function H is represented in Figure 1 . In the plot we observe two well defined asymptotic regions at high and low temperatures. At high temperatures the contribution proportional to H goes to zero and the density is determined by the second term in (3.15). At low temperatures H goes to a constant and both terms in the density contribute at the same order. In both cases the density has a linear dependence with B at leading order , but different proportionality constant. The energy density, pressure and magnetization of the system take the form
As can be checked from Eqs. (3.16) the system obeys the condition T µ µ = 0 coming from conformal invariance.
Transport coefficients
To obtain the transport coefficients, we study linear response around the equilibrium state described by the black hole Eq. (3.5). Linear response in the context of holography corresponds to solving the problem of small perturbations propagating on such black hole geometry. We introduce a small parameter 1 that determines the amplitude of the perturbations and expand to linear order. The form of the metric and gauge field is
Where the perturbations have been classified under their transformation properties under the SO(2) rotational invariance of the boundary theory. The terms h x , h y are tensor modes that can be used to compute viscosities, while the terms w j , b j are vector modes that are related to the conductivities. The remaining components form the scalar sector, that contains the bulk viscosity. Since the dual theory is conformal, the bulk viscosity vanishes ζ = 0, we have confirmed this result by explicit calculation but we do not show it here, as it is straightforward but quite lengthy, and not particularly interesting since no other transport coefficients belong to this sector.
Viscosities
Since the main goal of this work is to investigate the Hall viscosity in a strongly couple magnetized plasma, we begin discussing first the perturbations in the tensor sector, that encodes this response coefficient. This sector is constituted by the fluctuations h x (r, t), h y (r, t) and responsible for the shear and Hall viscosities. In particular, after Fourier transforming the fields h i → h i (r)e −iωt , the equations of motions can be written as follows
4)
As the holographic dictionary establishes, we must find solutions satisfying an infalling boundary condition, which we guarantee by redefining the fields
and then requiring regularity at the horizon for p k (r). Given the form of the Kubo formula Eq. (2.13), it is only necessary the knowledge of the fields up to linear order in the frequency ω. Therefore, we do a perturbative expansion in frequency such that p k (r) = p 0 k (r) + ω 4πT p 1 k (r). After doing so, the equations of motion read
with A set of two linearly independent solutions can be constructed imposing regularity at the horizon, and considering independent boundary values h 0 y and h 0 x which are dual to sources for the stress tensor components T xy , T xx − T yy . The system can be solved in terms of the background solutions without doing any additional approximations, the result being
Which, after being plugged in Eq. (A.18) and combined with the Kubo relations Eq. (2.13), gives the values for the viscosities of the model
Note that the Hall viscosity is not zero even at µ = 0 as long as the magnetic field does not vanish, 12) where, due to the underlying conformal invariance of the system, the function F depends only on the dimensionaless combination B/T 2 . In Fig. 2 we show the dependence of F as a function of the ratio B/T 2 , from which we conclude that for small values of B/T 2 the Hall viscosity grows quadratically with B, while for large values the Hall viscosity grows linearly with the magnetic field and becomes independent of the temperature. The shear viscosity at zero chemical potential satisfies the Kovtun-Son-Starinets (KSS) formula [46] , but when µ = 0, higher derivative corrections change the viscosity to entropy ratio, with the sign of the correction depending on the details of the model. In particular, the correction to the KSS formula is proportional to the coefficient λ 3 , while the correction to the entropy density, Eq. (3.13), was proportional to λ 1 .
Conductivities
This sector is given by the fields w i (r, t), b i (r, t), that are responsible for the charge and thermal conductivities. The analysis is similar to the tensor modes, but the system of equations remains higher order in derivatives. In order to avoid the issue of having to solve higher order derivative equations, we do a perturbative expansion of the fluctuations in the couplings λ 1 ∼ λ 3 where the first upper index refers to the order in the frequency and the second to the order in the higher derivative couplings. We have left an explicit factor of the parameter δ to help follow the expansion, it should be noted that at the end of the calculation its value will be fixed to δ = 1. Using this expansion yields a set of second order equations, as all the higher derivative terms in the original equations are already of order δ, and so they all contribute only to source terms in the expanded equations. So, technically, the higher derivative terms are turned to higher derivatives of lower (in δ) order solutions present in source terms. After imposing ingoing boundary conditions
the system of equations takes the form where S αβ ,S αβ are source terms, that can depend on all the lower order perturbations and their derivatives up to order 3, which we show in the appendix C. In contrast to the tensor sector, the vector perturbations are mixed by the equations of motion and yield odd transport coefficients also for λ 1 = λ 3 = 0 [33] . On the technical level this means that the source terms S v , S q are in general quite complicated even within this perturbative scheme and their integration is difficult. However, setting µ = 0 significantly simplifies the system without trivializing the transport coefficients. Therefore we solve this sector at zero chemical potential, and understand our results as the leading contribution in an expansion for small µ/T . The Eqs. (4.15) and (4.16) have the same form as the equations found in [33] , therefore we followed the same strategy to find the solutions. Finally, after solving them we proceed to substitute their solutions into the definition for the one point functions Eqs. (A.19) and (A.18) to extract the two point functions. In this sector the current-current and current-momentum correlators satisfy the relations predicted by hydrodynamics Eqs. (2.15). The momentum-momentum correlator reads from which the heat conductivityκ can be obtained
In fact, by comparing the expression for the heat conductivity with Eq. (2.16), we can fix the values for the transport coefficients σ V andσ H , which read
We find convenient rewrite the previous expression as
In Fig. 3 we show the functional dependence of σ t at µ = 0. For small values of B/T 2 σ t grows quadratically, while at large valuesσ H ∼ B/T 2 3/2 . In the limit B/T 2 → 0 σ t vanishes, but there is a nonzero contribution toσ H , corresponding to an anomalous Hall conductivity.
Anomalous Hall conductivity
It follows from Eq. (4.21) that our system will in general have a non-vanishing anomalous Hall conductivity.
However, do notice that the value of the anomalous conductivity can be arbitrarily tuned by changing λ 0 . From the point of view of the effective dual field theory the presence of this coupling corresponds to the addition of a Chern-Simons term (see action Eq. (3.1) ). This modification only affects the definition of the field theory U (1) current, e.g. Eq. (A. 19) , and consequently the charge density Eq. (3.15) and Hall conductivity (4.21). Interestingly, upon setting λ 0 to the value such that the anomalous Hall conductivity vanishes σ an
all odd transport coefficients and the charge density become proportional to the combination (4λ 1 − λ 3 ) at µ = 0. In particular, the charge density (3.15) reduces to
Interestingly, at large values of the magnetic field, the Hall viscosity becomes proportional to the charge density
This is similar to what happens in Quantum Hall states, with the difference that in known cases, such as Laughlin states, the coefficient is a fractional number.
Discussion
We have succeded in producing a non-zero Hall viscosity induced by a magnetic field in a holographic model via the introduction of higher derivative terms in the gravity action. The Hall viscosity, as given in (4.10), receives two kinds of contributions, one proportional to the electric flux at the horizon produced by the charge inside the black hole a (1) and another one independent of it. The charge inside the horizon has been associated with "fractionalized" or deconfined degrees of freedom [47, 48] , while other contributions to transport have been dubbed confined, "mesonic" or "cohesive" [49] . Cohesive transport is present for instance in holographic superfluids [50] [51] [52] , where some of the charge is carried by fields outside the horizon. The fact that Hall transport is produced in part by the dynamics of the theory outside the horizon strongly suggests that similar behavior will also be possible in a geometry without horizons, including holographic duals to gapped states. This opens up the possibility of studying systems resembling much more Quantum Hall states, or at least some relativistic version. It should be noted that there is no obvious quantization of the coefficients of higher derivative terms, so there is no reason to expect Hall transport coefficients will be quantized even in the gapped systems. For the Hall conductivity, it is uncertain whether this is because we have not identified the right unit of conductance, it is a feature of the large-N limit, or there is no intrinsic quantization in strongly coupled relativistic systems, further work would be needed to explore this issue.
It would be interesting to understand better the meaning of the higher derivative terms from the point of view of the dual theory. Their structure suggests that they could be related to contributions in vacuum to the three point function of the energy-momentum tensor with two currents that are time-reversal and parity breaking. This could correspond to some type of explicit breaking by terms appearing at higher orders in a derivative expansion of the effective theory, or maybe an anomaly, although these are not topological terms. A weak coupling calculation could shed light on some of these questions.
Let us now comment a bit on the properties of transport coefficients and thermodynamics in the deformed dyonic black hole solution. For simplicity, we will restrict to the case with no anomalous Hall conductivity (4.23) and µ = 0, although expressions for the thermodynamic quantities and viscosities at nonzero µ and other values of the coefficient λ 0 can also be found in the appendices B.1. Since the theory is conformal, scaling arguments determine the dependence on the temperature/magnetic field with coefficients that can depend non-trivially on the dimensionless ratio B/T 2 . It is thus equivalent to discuss low and high temperatures or large and small magnetic fields. It should be mentioned that although we have found that the results at large magnetic field are consistent with hydrodynamics, they are valid only as long as we consider small enough spacetime derivatives of the thermodynamic variables such that terms appearing at higher orders in the constitutive relations are suppressed.
At high temperatures B/T 2 1 thermodynamics is dominated by neutral degrees of freedom and the system behaves like a weakly magnetized conformal plasma
At low temperatures B/T 2 1 there is "vacuum" contribution to the energy density
where the entropy is proportional to the magnetic field
The magnetization is determined to leading order by the vacuum contribution M ∼ − √ B. The charge density varies little between high and low temperatures, becoming a 2/5 factor smaller at low temperatures
The Hall conductivity then remains finite, with a change given by the same factor. Charge transport then remains largely independent of the temperature. The Hall viscosity however is more sensitive to the temperature. Taking the ratio with respect to the charge density
(5.5)
In contrast to Hall charge transport, at high temperatures Hall viscous transport is strongly suppressed. Thermal and thermoelectric conductivities involve both charged and neutral degrees of freedom, so we expect them to be more sensitive to the particulars of the dyonic black hole geometry, such as the non-zero entropy density at zero temperature. It is worth noting that for small values of the higher derivative coefficients, the Hall thermal conductivity κ H and the Seebeck coefficient S = −ϑ xx are enhanced
It would be interesting to check if a similar enhancement would happen in other holographic models with different background geometry. 
A Variational Principle and renormalization
As it generically happens, also in our case the higher derivative nature of the action (3.1) spoils the variational principle. So, in this appendix we study the possible boundary terms that can be added to 'regularize' the variational problem and to renormalize the theory. In order to do so, we first assume the space-time can be ADM decomposed as follows.
with the gauge condition A r = 0, and the epsilon tensor defined as rtxy = − √ −γ. The non vanishing components of the Christoffel symbols (and the extrinsic curvature) are
andΓ i jk are three dimensional Christoffel symbols computed with γ ij . Dot denotes differentiation respect r. Another useful table of formulas iṡ
with D i the three dimensional covariant derivative compatible with γ ij . Note that indices are now raised and lowered with γ ij , e.g. K = γ ij K ij , and intrinsic three dimensional objects are denoted with a hat, soR i jkl is the intrinsic three dimensional Riemann tensor on the r = const surface. Finally the Ricci scalar is
Now, as we write the action, it is useful to divide it up in three terms. The first one is the Einstein-Maxwell part with the usual Gibbons-Hawking term included
where E i =Ȧ i . The contributions to the action parametrized by λ 1 and λ 3 are
Taking variations of the action, the last terms in Eqs. (A.12) and (A.13) which are proportional toK lk will produce a boundary contribution of the type ∼ δK ij ∼ δγ ij , suggesting we can regularize the problem by adding the boundary term
However, δS GH would cancel the terms proportional to δK ij at the price of introducing a new term proportional to δE i . Therefore, Dirichlet boundary conditions can be fixed either to the metric or to the gauge field, but not simultaneously to both. This fact resemble the case in AdS 5 with the mixed gauge-gravitational Chern-Simons term [53] [54] [55] , where a Gibbons-Hawking like term can be added but nonetheless, the regularity of the variational problem is not resolved. From a practical point of view, and in the context that concerns us, adding or not δS GH does not affect the observables because the near boundary behaviour of the fields in an asymptotically locally AdS space is such that this boundary term always vanishes, as we discuss below. On top of having a regular variational problem, the on-shell action needs to be finite, and so we proceed to find the proper counterterm which removes possible singularities. However notice that the counterterm renormalizing Einstein-Maxwell theory has being previously computed [56] , therefore the boundary action must have the following structure
where δS CT is the contribution necessary to renormalize the parity odd terms in the action. As we have applications to holography in mind we can however impose the boundary condition that the metric has an asymptotically locally AdS expansion of the form
ij + e −r g
by inspection it is possible to conclude that δS GB , L 1 and L 3 vanish fast enough on spacetimes with such asymptotic behaviour. Therefore,
Having studied the counterterms it is straightforward to compute the holographic one point functions of the U (1) current and the stress energy tensor which read
B Equations of motion and solutions
The structure of the equations of motion is the following
where Interestingly, although the density (B.12) at zero chemical potential is non-zero and a function of magnetic field (3.15), the first order term in entropy density in (B.15) is proportional to the chemical potential, and therefore vanishes when µ = 0. So, our holographic action describes a theory in which at zero chemical potential some charge density is induced by the presence of magnetic field, but this charge density does not contribute to the total entropy.
C Sources for the perturbative equations in the vectors sector
In this appendix we show the explicit form of the sources introduced in Sec. 4.2, for simplicity we have set µ = 0 and evaluated the previous order solutions in some of them. 
